We study the dynamical generation of masses for fundamental fermions in quenched quantum electrodynamics in the presence of magnetic fields using Schwinger-Dyson equations. We show that, contrary to the case where the magnetic field is strong, in the weak field limit eB ≪ m(0) 2 , where m(0) is the value of the dynamically generated mass in the absence of the magnetic field, masses are generated above a critical value of the coupling and that this value is the same as in the case with no magnetic field. We carry out a numerical analysis to study the magnetic field dependence of the mass function above critical coupling and show that in this regime the dynamically generated mass and the chiral condensate for the lowest Landau level increase proportionally to (eB) 2 .
It is well known that in quantum electrodynamics (QED), fermions can acquire masses through self interactions without the need of a non zero bare mass. This phenomenon, known as dynamical mass generation (DMG), happens above a certain critical value of the coupling and its description can only be carried out in terms of non-perturbative treatments. Schwinger-Dyson equations (SDEs) provide a natural platform to study DMG. In quenched quantum electrodynamics (qQED), a favorite starting point is to make an ansatz for the fermion-photon vertex and then study the fermion propagator equation in its decoupled form. It is also well known that in the presence of strong magnetic fields, it is possible to generate fermion masses for any value of the coupling. This phenomenon has been given the name of magnetic catalysis [1, 2, 3, 4] . In this work, we undertake the study of QED in the rainbow approximation in the presence of a weak magnetic field.
When the magnetic field is strong, Landau levels are separated from each other by an amount ∼ √ eB in such a way that for any value of the coupling α, only the lowest Landau level (LLL) contributes to the DMG [1, 2, 3, 4] . However, in the case of weak external magnetic fields, Landau levels are close to each other and hence all contributions should be taken into account, which adds considerably to the complexity of the problem.
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OF VOLUME A ONLY It has been shown [5] that the mass operator in the presence of an electromagnetic field can be written as a combination of the structures
which commute with the operator (γ · Π) 2 , where
ext is the external vector potential. We take A ext µ = B(0, −y/2, x/2, 0) in such a way that it gives rise to a constant magnetic field B = Bẑ.
The equation relating the two-point fermion Green's function G(x, y) and the mass operator M(x, y) in coordinate space reads
where the mass function in the rainbow approximation in coordinate space is
Weakness of the magnetic field implies that the bare vertex is a reasonable choice in the sense that the Ward Identity is satisfied in the Landau gauge upto a correction connected with the mass function in momentum space M . Schwinger [6] was the first to obtain an exact analytical expression for the fermion Green's function in the presence of a constant electromagnetic field of arbitrary strength. However, we find the alternative representation of G(x, y) proposed by Ritus [5] more convenient for our purposes. Since, in the presence of a constant external field, the fermion asymptotic states are no longer free particle states represented by plane waves, but are described by wave functions consistent with the particular external field configuration, namely eigenfuncions of (γ µ Π µ ) 2 , it is convenient to work in the representation spanned by these eingenfunctions, where the mass operator is diagonal. A matrix is used to rotate the SDE to momentum space, yielding [7] 
where
and L m n are Laguerre functions. We work in the Landau gauge (ξ = 0) where we know that for vacuum the wave function renormalization equals one. Since we aim at a description for small magnetic field strengths, we naturally expect that wave function renormalization F ∼ 1 in this gauge. Furthermore, let us work with the ansatz that M (k) is proportional to the unit matrix. We expect that M ((p − q) , n k ) should be independent of s k since the energy only depends on the principal quantum number n k . Furthermore we assume that M ((p − q) , n k ) is a slowly varying function of n k and thus make the approximation M ((p − q) , n k ) ∼ M ((p − q) , n k = 0). For consistency we consider the case n p = 0. Hereafter, we employ the more convenient notation M (k , n k = 0) ≡ M (k ) for generic arguments of the mass function. With these considerations the sum over s k can be computed by means of the result in Ref. [8] . It is worth mentioning that after summing over s k , the resulting equation is the same as Eq. (50) in Ref. [2] when considering the case n k = 0, which corresponds to the strong field limit.
In the situation where the magnetic field is weak, we expand
as a geometric series in powers of eB. The remaining sum over n k can be performed also by resorting to Ref. [8] yielding, after a Wick rotation
keeping only the lowest order contribution in eB. Notice that, as expected, the s p dependence of the mass function disappears on carrying out the sum over s k . Solving the above equation numerically is still not trivial, owing to the fact that the unknown function M ((p − q) ) within the integral is Lorentz non-invariant. However, we can always expand it out in powers of (eB) 2 . Therefore we write, M ((p − q) ) = M 0 (p − q) + (eB) 2 M 1 , where M 1 is responsible for breaking the Lorentz invariance of M 0 (p − q). Consistently, we carry out the same expansion on the left hand side of Eq. (5) . As the Lorentz invariance should be restored for the leading terms, we justifiably complete the momenta to achieve the same. This filters out the vacuum result. To calculate the magnetic field effect, we solve the integral equation for M 1 obtained by comparing powers of (eB) 2 . The results for M (p /Λ) in the LLL are depicted in Fig. 1 , scaled by the ultraviolet cut-off Λ. The dot-dashed line corresponds to the vacuum. The effect of the external field is to increase the dynamically generated mass, preserving the qualitative features of the mass function profile. To see the magnetic contribution to the dynamically generated mass, we show in Fig. 2 the difference m(eB) − m(0) , as a function of (eB) 2 , where m is the dynamical fermion mass, namely, m ≡ M (0). Notice that this difference grows linearly with (eB) 2 . We also evaluate the condensate defined as ψψ = i Tr G(x, x). In the weak field limit, spacing between Landau levels becomes small. To compute the condensate, the sum over these levels, can be carried out by replacing ∑ n with the integral d 2 k ⊥ /(2π eB), along with the substitution 2eBn → k 2 ⊥ . The weak field contribution to the condensate also turns out to be quadratic and with the above mentioned substitutions, it owes itself entirely to the non Lorentz invariant piece of the mass function in our computational set up. Its behavior as a function of (eB) 2 is also shown in Fig. 2 .
In summary, we have shown that for α > α c the dynamically generated mass increases quadratically with the magnetic field strength. As compared to the strong field case, this is a four-fold dependence on the magnetic field [1, 3, 2, 4] . Contrary to the widely studied case when the field is strong and the LLL dominates, in the weak field limit, all the Landau levels should be taken into account. This feature has made the problem prohibitively difficult and hence has been scarcely discussed in literature. Here we have shown that under plausible assumptions about the behavior of the mass function, the sum over Landau levels can be performed. . Magnetic contribution to the dynamically generated mass (upper graph) and condensate (lower graph) in the LLL as a function of (eB) 2 for α = 6.5α c .
